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In quantum-optics experiments with both natural and artificial atoms, the atoms are usually
small enough that they can be approximated as point-like compared to the wavelength of the elec-
tromagnetic radiation they interact with. However, superconducting qubits coupled to a meandering
transmission line, or to surface acoustic waves, can realize “giant artificial atoms” that couple to a
bosonic field at several points which are wavelengths apart. Here, we study setups with multiple gi-
ant atoms coupled at multiple points to a one-dimensional (1D) waveguide. We show that the giant
atoms can be protected from decohering through the waveguide, but still have exchange interac-
tions mediated by the waveguide. Unlike in decoherence-free subspaces, here the entire multi-atom
Hilbert space is protected from decoherence. This is not possible with “small” atoms. We further
show how this decoherence-free interaction can be designed in setups with multiple atoms to im-
plement, e.g., a 1D chain of atoms with nearest-neighbor couplings or a collection of atoms with
all-to-all connectivity. This may have important applications in quantum simulation and quantum
computing.
Introduction. In quantum systems, there is generally
a fundamental problem of trade-off between interaction
and protection from decoherence [1]. For spatially sepa-
rated atoms, one way to realize a protected interaction is
to use a quantum bus [2, 3]. As has been demonstrated
in experiments [4–6], two atoms that are detuned from a
resonator (the quantum bus) to which they both couple,
can interact via virtual photons in the resonator. Since
the photons mediating the interaction are virtual, this
interaction is protected from losses in the resonator. Al-
though this scheme can be extended to more atoms, and
interactions between more than two atoms [7], there are
limits to the connectivity between atoms and the protec-
tion from decoherence.
Another approach to protecting quantum information
is decoherence-free subspaces [8, 9], i.e., particular sub-
spaces (of the total Hilbert space of a quantum system)
which are less sensitive to decoherence due to the form
of their coupling to the dissipative environment. A well-
known example is dark (sub-radiant) states [10], collec-
tive atomic states which do not decay, due to interference,
to the environment that the atoms are all coupled to.
One platform where it has been suggested [11] that
such decoherence-free subspaces could be used for pro-
tected quantum computation is waveguide quantum elec-
trodynamics (QED). In waveguide QED, atoms are cou-
pled to, and interact via, a continuum of bosonic modes
in a one-dimensional (1D) waveguide. As reviewed in
Refs. [12, 13], there are many experimental realizations of
waveguide QED, including quantum dots and other emit-
ters coupled to plasmons in nanowires [14, 15], quantum
dots coupled to photonic crystal waveguides [16], and
natural atoms coupled to optical fibers [17], but the plat-
form with best performance is arguably superconducting
artificial atoms [13, 18, 19] coupled to transmission lines,
where several experiments have been performed in the
past few years [20–32]. There is also a wealth of theo-
retical work studying two [33–48] or more [11, 40, 49–61]
atoms interacting with a 1D waveguide. For a more com-
plete overview, see Refs. [12, 13].
Since the dark states in waveguide QED are a result
of interference effects, it is relevant to explore schemes
for increasing such interference. One such scheme is to
terminate the waveguide with a mirror. A single atom
in front of a mirror, a setup which has seen both experi-
mental [29, 62–64] and theoretical [46, 48, 58, 65–71] in-
vestigation, can be protected from decay by interference
between the relaxation from the atom and its mirror im-
age.
An implicit assumption thus far has been that the
atoms are small compared to the wavelength of the
bosonic modes of the waveguide they interact with. How-
ever, interference effects can be further increased if the
atoms can be giant, a term we take to mean that the
atoms can couple to the waveguide at several points,
which can be spaced wavelengths apart. The physics of a
single such giant atom has been explored recently [72, 73]
with results including a frequency-dependent relaxation
rate and Lamb shift. These works were inspired by recent
experiments [74–79] realizing giant atoms by coupling su-
perconducting artificial atoms to surface acoustic waves
(SAWs), which have much shorter wavelengths than the
microwaves normally used in experiments with such arti-
ficial atoms. However, as outlined in Ref. [72], supercon-
ducting transmission lines could be used to achieve the
same effect if they are suitably meandered.
In this Letter, we present the first study of multiple
giant atoms coupled to a 1D waveguide. We begin by
considering the case of two giant atoms, coupled at two
points each to an open waveguide, and compare this setup
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2Figure 1. Sketches of (a) two small atoms coupled to an open
transmission line, (b) two small atoms coupled to a semi-
infinite transmission line, (c) two separate giant atoms, (d)
two braided giant atoms, and (e) two nested giant atoms. Red
circles denote connection points. The atom with the leftmost
connection point is denoted a and the other b.
to two small atoms in open and semi-infinite waveguides.
We show that, for a certain arrangement of the con-
nection points of the giant atoms, decoherence into the
waveguide can be completely suppressed while the giant
atoms still interact with each other via the waveguide.
Unlike the dark states for small atoms, this decoherence-
free interaction is independent of the states of the giant
atoms, i.e., the entire multi-atom Hilbert space is pro-
tected from decoherence, not just a subspace.
We then generalize these results to an arbitrary num-
ber of giant atoms with an arbitrary number of con-
nection points each. In this way, we show that pro-
tected pairwise exchange interactions between multiple
giant atoms can be designed for high connectivity (be-
yond nearest neighbor) and with arbitrary sign of the
coupling strengths. We outline how these setups can be
implemented with superconducting circuits.
We believe that these results can find many applica-
tions, e.g., in quantum simulation [80, 81], where there
is much interest in spins connected in one- or two-
dimensional arrangements [47, 82–88]. It may also be
possible to use setups with giant atoms to generate en-
tangled states such as cluster [89] or graph [90] states,
which can be used for one-way quantum computing [91–
93].
Master equation for two atoms in a waveguide. We
begin by comparing setups with two small (i.e., only
coupled at a single point) atoms in an open [Fig. 1(a)]
or semi-infinite [Fig. 1(b)] waveguide to setups with two
giant atoms coupled to an open waveguide at two con-
nection points each. As shown in Fig. 1(c)-(e), there are
three distinct topologies for the positions of the connec-
tion points in this case. We call the topology in Fig. 1(c)
separate giant atoms, the one in Fig. 1(d) braided giant
atoms, and the one in Fig. 1(e) nested giant atoms. For
simplicity, we limit the discussion in this Letter to atoms
with two levels (qubits).
Tracing out the continuum of bosonic modes in the
waveguide, a master equation for the density matrix ρ
of the atoms can be derived, assuming weak coupling at
each connection point and negligible travel time between
connection points. We use the SLH formalism [94–97]
for cascaded quantum systems [98–100] to show [101] that
the master equation for all setups in Fig. 1 can be written
as
ρ˙ = −i
[
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where ω′j = ωj + δωj , ωj is the transition frequency of
atom j only including Lamb shifts from individual con-
nection points, δωj is the contribution to the Lamb shift
of atom j from interference between connection points,
D[A]ρ = AρA† − 12{A†A, ρ}, g is the strength of the
exchange interaction between the atoms, σj+ (σ
j
−) is the
raising (lowering) operator of atom j, σjz is a Pauli matrix
for atom j, Γj is the individual relaxation rate of atom j,
Γcoll is the collective relaxation rate for the atoms, and
H.c. denotes Hermitian conjugate.
For the case of small atoms in an open waveguide, the
coefficients in Eq. (1) are already well known [33, 40, 57].
In Table I, we compare these coefficients with those that
result for the other setups in Fig. 1. For simplicity, we
assume here that the distance between subsequent con-
nection points is identical, and that ωa ≈ ωb, such that
the phase acquired traveling from one connection point
to the next is ϕ = k|xj+1 − xj |, where the wavenumber
k = ωa/v, with v the velocity of the modes in the waveg-
uide (for the setup with a mirror, ϕ = 2kx1). We also
assume that the bare relaxation rate at each connection
point is γ. Expressions for arbitrary bare relaxation rates
and arbitrary phase shifts between connection points are
given in [101].
We plot the relaxation rates and coupling strengths
from Table I as functions of ϕ in Fig. 2. For small atoms
in an open waveguide, we note that the individual relax-
ation rates Γj Ó= 0 ∀ϕ. For this setup, there is only a
certain superposition state, the dark state, that is pro-
tected from decoherence. For all other setups, there are
values of ϕ where Γj = 0. Furthermore, at the points
where Γj = 0, Γcoll = 0 also holds. Thus, these setups
can protect all system states from decoherence. However,
the implications of Γj = 0 for g differ for these setups.
3Setup Frequency shift δωj Exchange interaction g Individual decay Γj Collective decay Γcoll
Small atoms 0 γ2 sinϕ γ γ cosϕ
Small atoms + mirror γ2 sinϕ;
γ
2 sin 3ϕ
γ
2 (sinϕ+ sin 2ϕ) γ(1 + cosϕ); γ(1 + cos 3ϕ) γ(cosϕ+ cos 2ϕ)
Separate giant atoms γ sinϕ γ2 (sinϕ+ 2 sin 2ϕ+ sin 3ϕ) 2γ(1 + cosϕ) γ(cosϕ+ 2 cos 2ϕ+ cos 3ϕ)
Braided giant atoms γ sin 2ϕ γ2 (3 sinϕ+ sin 3ϕ) 2γ(1 + cos 2ϕ) γ(3 cosϕ+ cos 3ϕ)
Nested giant atoms γ sin 3ϕ; γ sinϕ γ(sinϕ+ sin 2ϕ) 2γ(1 + cos 3ϕ); 2γ(1 + cosϕ) 2γ(cosϕ+ cos 2ϕ)
Table I. Frequency shifts, exchange interaction strengths, and decoherence rates for the setups from Fig. 1. In fields with two
entries, the first corresponds to atom a and the second to atom b.
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Figure 2. Exchange interaction (solid lines) and decoherence
rates (individual: dashed lines; collective: dotted lines) as
a function of ϕ for the setups in Fig. 1. The corresponding
expressions are given in Table I. The labels ab (small atoms,
black), aabb (separate giant atoms, blue), abab (braided giant
atoms, green), and abba (nested giant atoms, red) correspond
to the ordering of connection points for the two atoms. The
case of small atoms in a semi-infinite waveguide [Fig. 1(b)] is
not plotted separately, since it is qualitatively equivalent to
the case of nested giant atoms. Note that there are two red
dashed lines, one for Γa and one for Γb.
Only in the case of braided giant atoms is it possible to
have g Ó= 0 when Γj = 0∀j, i.e., a decoherence-free inter-
action. This can be understood as follows: Γj = 0 implies
that the phase acquired traveling between the connection
points of atom j is (2n+1)pi for some integer n. The col-
lective decay is set by interference between emission from
connection points belonging to different atoms, but the
sum of these contributions will be zero when the emis-
sion from two connection points of one atom interfere
destructively. The exchange interaction is set by emis-
sion from connection points of one atom being absorbed
at connection points of the other atom. For separate and
nested giant atoms, the emission from the two connec-
tion points belonging to atom b will cancel if Γb = 0,
but in the case of braided giant atoms, the two inner
connection points are placed in-between the two connec-
tion points of the other atom, so the contributions from
the two connection points of the other atom need not
interfere destructively. In [101], we show that all these
conclusions about implications of Γj = 0 for the various
setups remain unchanged even if we allow for arbitrary
bare relaxation rates at each connection point and arbi-
trary distances (but still negligible travel time) between
connection points.
Generalization to multiple giant atoms with multiple
connection points. We now consider the most general
setup possible, with N atoms such that atom j has Mj
connection points and the bare relaxation rate at connec-
tion point jn of atom j is γjn . The phase acquired trav-
eling from connection point jn of atom j to connection
point km of atom k is ϕjn,km . With the same assumptions
as before, we extend our derivation in the SLH formalism
to obtain the master equation [101]
ρ˙ = −i
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where now δωj =
∑Mj−1
n=1
∑Mj
m=n+1
√
γjnγjm sinϕjn,jm ,
the exchange interaction between atoms j and k
is gj,k =
∑Mj
n=1
∑Mk
m=1
√
γjnγkm
2 sinϕjn,km , Γj =∑Mj
n=1
∑Mj
m=1
√
γjnγjm cosϕjn,jm , and the collective
decay rate for atoms j and k is Γcoll,j,k =∑Mj
n=1
∑Mk
m=1
√
γjnγkm cosϕjn,km .
Since all interactions in Eq. (2) are pairwise, the intu-
ition gained from studying the case of two giant atoms
with two connection points goes a long way in explaining
the properties of these more general setups. If all con-
nection points of atom j are to the left (or right) of all
connection points of atom k, we call this pair of atoms
separate. If all connection points of atom j are situated
in-between two subsequent connection points of atom k,
we call this pair of atoms nested. All other setups are
braided. Using the same reasoning as above, we can show
that Γj = Γk = 0 implies both Γcoll,j,k = 0 and gj,k = 0
4Figure 3. Sketch of a setup with giant atoms realizing a 1D
chain of qubits with protected nearest-neighbor couplings. (a)
The layout of the connection points. (b) The effective sys-
tem. (c) A possible implementation with superconducting
circuits. The black line is a transmission line, the blue blocks
are qubits, and the red lines mark where the qubits couple to
the transmission line.
for separate and nested atoms, but gj,k Ó= 0 is possible if
the atoms are braided [101].
1D spin chain with protected, designed nearest-neighbor
couplings. We now discuss two setups with protected
pairwise atom-atom interactions that can be realized
with multiple giant atoms. The first setup is a 1D
chain of atoms with nearest-neighbor couplings, shown
in Fig. 3. With the arrangement of connection points
given in Fig. 3(a), each pair of neighboring atoms is in a
braided configuration, which allows decoherence-free in-
teraction within each such pair, effectively leading to the
1D chain of atoms shown in Fig. 3(b). All other pairs of
atoms are not braided, and will thus not interact when
Γj = 0 ∀j. In Fig. 3(c), we show how this setup could
be implemented with superconducting qubits coupled to
a meandering transmission line. Note that there is space
for individual readout and control lines to be connected
to each qubit in this setup. The decay that such addi-
tional channels would introduce can easily be kept small.
If the 1D chain in Fig. 3 contains N giant atoms with
two connection points each, there will be 2N − 1 phases
between subsequent connection points. Implementing the
constraint Γj = 0 ∀j will fix N of these phases. There
are then N −1 pairwise couplings, set by one phase each:
gj,j+1 = √γ(j+1)1γj2 sinϕ(j+1)1,j2 [101]. We thus have
maximal freedom in designing the decoherence-free inter-
actions (both amplitude and sign) in this setup.
High connectivity for multiple giant atoms. Our sec-
ond example is a setup with three atoms with a protected
all-to-all connectivity, shown in Fig. 4. With the arrange-
ment of connection points given in Fig. 4(a), each pair of
neighboring atoms is in a braided configuration, which al-
lows decoherence-free interaction within each such pair,
effectively leading to the triangular arrangement of cou-
Figure 4. Sketch of a setup with three giant atoms realizing
protected all-to-all coupling. (a) The layout of the connection
points. (b) The effective system. (c) A possible implementa-
tion with superconducting circuits. The symbols used are the
same as in Fig. 3.
pled atoms shown in Fig. 3(b). In Fig. 3(c), we show
how this setup could be implemented with superconduct-
ing circuits. Unlike the previous example, this setup re-
quires the transmission line to cross itself at least once,
but this can be solved with air bridges [102]. Note that it
is straightforward to extend this setup to all-to-all con-
nectivity with more atoms by simply adding more super-
conducting qubits to the row in Fig. 3(c). However, when
making N large in the setups in Figs. 3 and 4, care must
still be taken that the travel time between connection
points remains negligible. This is more important for the
setup in Fig. 4 because of the greater connectivity.
For the setup in Fig. 4, and its generalization to N
atoms, the condition Γj = 0∀j sets N constraints, which
leaves N − 1 free parameters (phases) to determine the
amplitudes of N(N − 1)/2 pairwise couplings. The indi-
vidual coupling strengths can thus be chosen quite freely,
but not completely freely. In the case N = 3, we show
in [101] how all couplings can be set to have the same
amplitude while their signs can be chosen freely.
Summary and outlook. We have derived a master
equation for multiple giant atoms coupled to a 1D waveg-
uide at multiple points, which can be spaced wavelengths
apart. We have shown that such giant atoms, with con-
nection points in a braided configuration, can realize
a phenomenon that is impossible with small atoms: a
nonzero exchange interaction mediated by the waveguide
between pairs of atoms that are protected from decoher-
ence into the waveguide, regardless of the atomic state.
We have furthermore shown that setups with giant atoms
are ready to be implemented in superconducting circuits,
and that this could be used for quantum simulation of
coupled spins.
This work opens up many interesting directions for
future research. Phenomena that have been studied
for waveguide QED with small atoms, e.g., sub- and
super-radiance (dark and bright states), chiral propaga-
5tion [103, 104], interaction between atoms with more than
two levels, and 2D baths [105–107], should be revisited
to determine whether giant atoms lead to new effects.
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In this Supplementary Material, we present detailed derivations of all master equations for small and giant atoms
used in the main text. We perform these derivations for the most general cases, where both the coupling strengths for
different coupling points and the phases acquired between coupling points may differ. We prove the relations between
exchange interaction, individual decays, and collective decay in this general setting. We also give input-output relations
for multiple giant atoms with multiple connection points.
S1. SLH BASICS
We derive all master equations for the multi-atom systems in the SLH formalism [S1–S4] for cascaded quantum
systems. To make the treatment here self-contained, we first state the basic properties and rules of this formalism.
For more details, see the review in Ref. [S3].
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Figure S1. Illustrations of the operations covered by the three basic composition rules in the SLH formalism. (a) The series
product G2 ô G1. (b) The concatenation product G1 G2. (c) The feedback operation Gj→k.
An open quantum system with n input-output ports can be described by an SLH triplet G = (S,L, H), where S
is an n × n scattering matrix, L is an n × 1 vector describing the coupling of the system to the environment at the
input-output ports (e.g., if a cavity with annihilation operator a is leaking photons at a rate κ through one of its
mirrors, and this mirror constitutes the jth input-output port of the system, that will give an entry Lj =
√
κa in L),
and H is the Hamiltonian of the system.
To combine SLH triplets of cascaded quantum systems into a single triplet describing the entire setup, three
composition rules, illustrated in Fig. S1, are used: the series product ô, the concatenation product , and a feedback
operation. The series product, shown in Fig. S1(a), is used when the outputs from a system described by an SLH
triplet G1 are used as inputs to another system, described by an SLH triplet G2 with the same number of input-output
ports, such that the jth output from the first system becomes the jth input to the second system. The resulting total
SLH triplet is then
G2 ô G1 =
(
S2S1,S2L1 + L2, H1 +H2 +
1
2i
[
L†2S2L1 − L†1S†2L2
])
. (S1)
If two systems, described by G1 and G2, are combined in parallel, the resulting total SLH triplet is given by the
concatenation product
G1 G2 =
([
S1 0
0 S2
]
,
[
L1
L2
]
, H1 +H2
)
, (S2)
shown in Fig. S1(b). Finally, if the jth output of a system described by the triplet G = (S,L, H) is fed back as the
kth input of the same system, as illustrated in Fig. S1(c), the rule for feedback reduction states that the resulting
system is described by the triplet Gj→k = (S˜, L˜, H˜), where
S˜ = Sj¯k¯ + Sj¯k(1− Sjk)−1Sjk¯, (S3)
L˜ = Lj¯ + Sj¯k(1− Sjk)−1Lj , (S4)
H˜ = H + 12i
[
L†S:k(1− Sjk)−1Lj −H.c.
]
. (S5)
3Figure S2. Two small atoms in an open waveguide. (a) A sketch showing the relevant parameters. (b) The input-output flows
in the corresponding SLH calculation.
Here, Sj¯k¯ denotes S with the jth row and kth column removed, Sj¯k denotes the kth column of S with the jth row
removed, Sjk¯ denotes the jth row of S with the kth column removed, Sjk is the element in the jth row and kth
column of S, S:k is the kth column of S, and H.c. denotes Hermitian conjugate.
When the SLH triplet G = (S,L, H) for a system has been found, the master equation for the system is given by
ρ˙ = −i[H, ρ] +
n∑
j=1
D[Lj ]ρ, (S6)
where D[X]ρ = XρX† − 12X†Xρ− 12ρX†X are Lindblad operators. The output from port j of the system is simply
given by Lj .
Note that the SLH formalism relies on the same physical assumptions as the standard Lindblad master equation,
i.e., weak coupling and the Markov approximation. In addition, the SLH formalism as presented so far also requires
the fields connecting various systems to propagate in linear, dispersion-less media, and that the propagation time is
negligible. Furthermore, it is also assumed that all input fields are in the vacuum state, but non-vacuum inputs can be
incorporated by introducing triplets for various sources. For example, if input port j of a system with N input-output
ports and triplet G = (S,L, H) is driven by a coherent drive supplying |α|2 photons per second, this can be modeled
by G1 ô (Ij−1 Gα  IN−j), where Ik = (1k,0, 0), 1k is the k× k identity matrix, and Gα = (1, α, 0), in the rotating
frame of the drive.
S2. MASTER EQUATIONS FOR TWO SMALL ATOMS
As a prelude to the calculations for giant atoms, we first re-derive the known master equation for two small atoms
in an open waveguide using the SLH formalism. We then also study the case of two small atoms in a semi-infinite
waveguide, which has similarities with giant-atom setups.
A. Open waveguide
We first consider the setup shown in Fig. S2(a), where the two atoms, with resonance frequencies ωa and ωb,
respectively, have relaxation rates γ1 and γ2, respectively, due to their coupling to the waveguide. The distance
between the atoms is such that a signal propagating in the waveguide acquires a phase shift ϕ when traveling between
them. This phase shift is calculated as ϕ = k|x2 − x1|, where k = ωk/v is the wavenumber given by an angular
frequency ωk and the propagation velocity in the waveguide, v. We assume ωk = ωa ≈ ωb. This is consistent with
the assumptions behind the SLH formalism. As long as the relaxation rates γj are small compared to the transition
frequencies ωj , and the distance |x2 − x1| is not much more than a wavelength, only frequencies in a bandwidth of
about γj will contribute to the dynamics. This bandwidth is small enough that variations in the phase shift, due
to different frequencies within this bandwidth, are negligible. If ωa and ωb differ by more than γj , the exchange
interaction between atoms a and b will be negligible in the rotating-wave approximation.
There are both right- and left-propagating modes in the waveguide. To handle this in the SLH formalism, the
easiest approach is to calculate the cascading operations separately for these modes and then concatenate the results.
4Explicitly, we divide the system into SLH triplets as shown in Fig. S2(b), separating the triplets for the atoms into two
parts with the Hamiltonians residing in the part coupling to the right-propagating modes (we use ~ = 1 throughout
this article):
Ga =
([
1 0
0 1
]
,
[√
γ1
2 σ
a
−√
γ1
2 σ
a
−
]
, ωa
σaz
2
)
= Ga,R Ga,L =
(
1,
√
γ1
2 σ
a
−, ωa
σaz
2
)

(
1,
√
γ1
2 σ
a
−, 0
)
, (S7)
Gb =
([
1 0
0 1
]
,
[√
γ2
2 σ
b
−√
γ2
2 σ
b
−
]
, ωb
σbz
2
)
= Gb,R Gb,L =
(
1,
√
γ2
2 σ
b
−, ωb
σbz
2
)

(
1,
√
γ2
2 σ
b
−, 0
)
. (S8)
The phase shift is included through the triplet Gϕ =
(
eiϕ, 0, 0
)
. From the rule for the series product given in Eq. (S1)
we obtain the triplet for the right-propagating modes
GR = Gb,R ô Gϕ ô Ga,R =
(
eiϕ,
√
γ2
2 σ
b
−, ωb
σbz
2
)
ô Ga,R
=
(
eiϕ, eiϕ
√
γ1
2 σ
a
− +
√
γ2
2 σ
b
−, ωa
σaz
2 + ωb
σbz
2 +
√
γ1γ2
4i
[
eiϕσa−σ
b
+ − e−iϕσa+σb−
])
, (S9)
and, in the same way, the triplet for the left-propagating modes
GL = Ga,L ô Gϕ ô Gb,L =
(
eiϕ,
√
γ1
2 σ
a
− + eiϕ
√
γ2
2 σ
b
−,
√
γ1γ2
4i
[
eiϕσa+σ
b
− − e−iϕσb−σa+
])
. (S10)
Concatenating these triplets, the final result is
Gtot = GR GL =
([
eiϕ 0
0 eiϕ
]
,
[
eiϕ
√
γ1
2 σ
a
− +
√
γ2
2 σ
b
−√
γ1
2 σ
a
− + eiϕ
√
γ2
2 σ
b
−
]
, ωa
σaz
2 + ωb
σbz
2 +
√
γ1γ2
2 sinϕ
[
σa−σ
b
+ + σa+σb−
])
. (S11)
From the SLH triplet Gtot in Eq. (S11), we can extract the master equation for the system using Eq. (S6). In this
calculation, we use the following property of the Lindblad operators:
D[a+ b]ρ = D[a]ρ+D[b]ρ+ aρb† + bρa† − 12
[(
a†b+ b†a
)
ρ+ ρ
(
a†b+ b†a
)]
. (S12)
The resulting master equation is
ρ˙ = −i
[
ωa
σaz
2 + ωb
σbz
2 +
√
γ1γ2
2 sinϕ
(
σa−σ
b
+ + σa+σb−
)
, ρ
]
+D
[
eiϕ
√
γ1
2 σ
a
− +
√
γ2
2 σ
b
−
]
ρ+D
[√
γ1
2 σ
a
− + eiϕ
√
γ2
2 σ
b
−
]
ρ
= −i
[
ωa
σaz
2 + ωb
σbz
2 +
√
γ1γ2
2 sinϕ
(
σa−σ
b
+ + σa+σb−
)
, ρ
]
+γ1D
[
σa−
]
ρ+ γ2D
[
σb−
]
ρ+√γ1γ2 cosϕ
{
σa−ρσ
b
+ + σb−ρσa+ −
1
2
[(
σa+σ
b
− + σb+σa−
)
ρ+ ρ
(
σa+σ
b
− + σb+σa−
)]}
. (S13)
Assuming equal relaxation rates for the two atoms, i.e., setting γ1 = γ2 ≡ γ, we see that the master equation in
Eq. (S13) reduces to Eq. (1) of the main text with the coefficients given in the second row of Table I.
B. Semi-infinite waveguide
Adding a mirror to make the open waveguide, to which the two small atoms couple, semi-infinite instead, we have
the setup shown in Fig. S3(a). The phase acquired when traveling from atom a to the mirror is ϕ1/2, so the phase
acquired during a roundtrip from atom a to the mirror and back is ϕ1.
To calculate the SLH triplet for this setup, we again start by separating the triplets for the atoms into parts
interacting with the left- and right-propagating modes in the transmission line, exactly like in Eqs. (S7)-(S8). All
parts needed for the SLH calculation are shown in Fig. S3(b). Unlike in the open-waveguide case, here we do not use
the concatenation product to add up the left- and right-moving parts; instead, we combine through the series product
due to the presence of the mirror. The triplet for the whole system is
Gtot = Gb,R ô Gϕ2 ô Ga,R ô Gϕ1 ô Ga,L ô Gϕ2 ô Gb,L (S14)
5Figure S3. Two small atoms in a semi-infinite waveguide. (a) A sketch showing the relevant parameters. (b) The input-output
flows in the corresponding SLH calculation.
Using the results in Eqs. (S9)-(S10) leads to
Gtot =
(
eiϕ2 , eiϕ2
√
γ1
2 σ
a
− +
√
γ2
2 σ
b
−, ωa
σaz
2 + ωb
σbz
2 +
√
γ1γ2
4i
[
eiϕ2σa−σ
b
+ − e−iϕ2σa+σb−
])
ô Gϕ1
ô
(
eiϕ2 ,
√
γ1
2 σ
a
− + eiϕ2
√
γ1
2 σ
b
−,
√
γ1γ2
4i
[
eiϕ2σa+σ
b
− − e−iϕ2σb−σa+
])
(S15)
By repeated application of the series-product rule, we arrive at the three components of Gtot:
Stot = ei(ϕ1+2ϕ2), (S16)
Ltot = eiϕ2
(
1 + eiϕ1
)√γ1
2 σ
a
− +
(
1 + ei(ϕ1+2ϕ2)
)√γ2
2 σ
b
−, (S17)
Htot =
(
ωa +
γ1
2 sinϕ1
)σaz
2 +
[
ωb +
γ2
2 sin(ϕ1 + 2ϕ2)
]σbz
2 +
√
γ1γ2
2 [sinϕ2 + sin(ϕ1 + ϕ2)]
(
σa−σ
b
+ + σa+σb−
)
.(S18)
To obtain the final form of Htot, we used the identity σ+σ− = (1 + σz)/2 and the fact that constant terms can be
excluded from the Hamiltonian since they do not contribute to the dynamics.
With the total triplet in hand, we extract the master equation in the same way as for the open-waveguide case:
ρ˙ = −i[Htot, ρ] +D
[
eiϕ2
(
1 + eiϕ1
)√γ1
2 σ
a
− +
(
1 + ei(ϕ1+2ϕ2)
)√γ2
2 σ
b
−
]
ρ
= −i[Htot, ρ] + γ1(1 + cosϕ1)D
[
σa−
]
ρ+ γ2[1 + cos(ϕ1 + 2ϕ2)]D
[
σa−
]
ρ
+√γ1γ2[cosϕ2 + cos(ϕ1 + ϕ2)]
{
σa−ρσ
b
+ + σb−ρσa+ −
1
2
[(
σa+σ
b
− + σb+σa−
)
ρ+ ρ
(
σa+σ
b
− + σb+σa−
)]}
. (S19)
If we assume equal relaxation rates for the two atoms (γ1 = γ2 ≡ γ) and equal phases (ϕ1 = ϕ2 ≡ ϕ), Eq. (S19)
reduces to Eq. (1) of the main text with the coefficients given in the third row of Table I.
S3. MASTER EQUATIONS FOR TWO GIANT ATOMS WITH TWO CONNECTION POINTS
We now use the SLH formalism to derive the master equations for all geometries with giant atoms coupled to an
open waveguide at two connection points. The remarks about approximations made for the phase shift for two small
atoms in the preceding section are valid here as well, and also for more than two giant atoms with more than two
connection points.
A. Separate giant atoms
We first consider two separate giant atoms. The setup, with definitions of all coupling strengths and phase shifts,
is shown in Fig. S4(a). To calculate the SLH triplet for this setup, we follow the scheme sketched in Fig. S4(b). The
6Figure S4. Two separate giant atoms in an open waveguide. (a) A sketch showing the relevant parameters. (b) The input-output
flows in the corresponding SLH calculation.
triplets for the atoms are first decomposed into the following parts:
Ga,R,1 =
(
1,
√
γ1
2 σ
a
−, ωa
σaz
2
)
, (S20)
Ga,R,2 =
(
1,
√
γ2
2 σ
a
−, 0
)
, (S21)
Ga,L,1 =
(
1,
√
γ1
2 σ
a
−, 0
)
, (S22)
Ga,L,2 =
(
1,
√
γ2
2 σ
a
−, 0
)
, (S23)
Gb,R,3 =
(
1,
√
γ3
2 σ
b
−, ωb
σbz
2
)
, (S24)
Gb,R,4 =
(
1,
√
γ4
2 σ
b
−, 0
)
, (S25)
Gb,L,3 =
(
1,
√
γ3
2 σ
b
−, 0
)
, (S26)
Gb,L,4 =
(
1,
√
γ4
2 σ
b
−, 0
)
. (S27)
The triplet for the right-moving part is then given by
GR = Gb,R,4 ô Gϕ3 ô Gb,R,3 ô Gϕ2 ô Ga,R,2 ô Gϕ1 ô Ga,R,1. (S28)
Using the series product rule, the first part of this expression becomes
Gb,R,4 ô Gϕ3 ô Gb,R,3 =
(
eiϕ3 ,
[
eiϕ3
√
γ3
2 +
√
γ4
2
]
σb−,
(
ωb +
√
γ3γ4
2 sinϕ3
)
σbz
2
)
, (S29)
where we again removed a constant term in the Hamiltonian. From symmetry, we then immediately obtain
Ga,R,1 ô Gϕ1 ô Ga,R,2 =
(
eiϕ1 ,
[
eiϕ1
√
γ1
2 +
√
γ2
2
]
σa−,
(
ωa +
√
γ1γ2
2 sinϕ1
)
σaz
2
)
. (S30)
These results, together with repeated application of the series product rule, lead to GR = (SR,LR, HR) with
SR = ei(ϕ1+ϕ2+ϕ3), (S31)
LR =
(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 + e
i(ϕ2+ϕ3)
√
γ2
2
)
σa− +
(
eiϕ3
√
γ3
2 +
√
γ4
2
)
σb−, (S32)
HR =
(
ωa +
√
γ1γ2
2 sinϕ1
)
σaz
2 +
(
ωb +
√
γ3γ4
2 sinϕ3
)
σbz
2
+ 14i
[(
ei(ϕ1+ϕ2+ϕ3)
√
γ1γ4 + ei(ϕ2+ϕ3)
√
γ2γ4 + ei(ϕ1+ϕ2)
√
γ1γ3 + eiϕ2
√
γ2γ3
)
σa−σ
b
+ −H.c.
]
. (S33)
7Figure S5. Two braided giant atoms in an open waveguide. (a) A sketch showing the relevant parameters. (b) The input-output
flows in the corresponding SLH calculation.
From the symmetry that is apparent in Fig. S4(b), we can immediately deduce that the triplet for the left-moving
part, GL = (SL,LL, HL), is given by removing the ωj parts in the Hamiltonian, making the substitution ϕ1 ↔ ϕ3,
and changing the non-ϕ indices according to a↔ b, 1↔ 4 and 2↔ 3 in the equations for GR, i.e.,
SL = ei(ϕ1+ϕ2+ϕ3), (S34)
LL =
(
ei(ϕ1+ϕ2+ϕ3)
√
γ4
2 + e
i(ϕ1+ϕ2)
√
γ3
2
)
σb− +
(
eiϕ1
√
γ2
2 +
√
γ1
2
)
σa−, (S35)
HL =
√
γ1γ2
2 sinϕ1
σaz
2 +
√
γ3γ4
2 sinϕ3
σbz
2
+ 14i
[(
ei(ϕ1+ϕ2+ϕ3)
√
γ1γ4 + ei(ϕ1+ϕ2)
√
γ1γ3 + ei(ϕ2+ϕ3)
√
γ2γ4 + eiϕ2
√
γ2γ3
)
σa+σ
b
− −H.c.
]
. (S36)
The total triplet for the system is then Gtot = GR GL, with the components
Stot =
[
ei(ϕ1+ϕ2+ϕ3) 0
0 ei(ϕ1+ϕ2+ϕ3)
]
, (S37)
Ltot =
[(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 + ei(ϕ2+ϕ3)
√
γ2
2
)
σa− +
(
eiϕ3
√
γ3
2 +
√
γ4
2
)
σb−(√
γ1
2 + eiϕ1
√
γ2
2
)
σa− +
(
ei(ϕ1+ϕ2)
√
γ3
2 + ei(ϕ1+ϕ2+ϕ3)
√
γ4
2
)
σb−
]
, (S38)
Htot = (ωa +
√
γ1γ2 sinϕ1)
σaz
2 + (ωb +
√
γ3γ4 sinϕ3)
σbz
2
+12[
√
γ1γ4 sin(ϕ1 + ϕ2 + ϕ3) +
√
γ2γ4 sin(ϕ2 + ϕ3) +
√
γ1γ3 sin(ϕ1 + ϕ2) +
√
γ2γ3 sinϕ2]
(
σa−σ
b
+ + σa+σb−
)
.
(S39)
Continuing from the total triplet, we arrive at the master equation in the same way as in previous calculations:
ρ˙ = −i[Htot, ρ] +D
[(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 + e
i(ϕ2+ϕ3)
√
γ2
2
)
σa− +
(
eiϕ3
√
γ3
2 +
√
γ4
2
)
σb−
]
ρ
+D
[(
eiϕ1
√
γ2
2 +
√
γ1
2
)
σa− +
(
ei(ϕ1+ϕ2+ϕ3)
√
γ4
2 + e
i(ϕ1+ϕ2)
√
γ3
2
)
σb−
]
ρ
= −i[Htot, ρ] + (γ1 + γ2 + 2√γ1γ2 cosϕ1)D
[
σa−
]
ρ+ (γ3 + γ4 + 2
√
γ3γ4 cosϕ3)D
[
σb−
]
ρ
+[√γ1γ3 cos(ϕ1 + ϕ2) +√γ1γ4 cos(ϕ1 + ϕ2 + ϕ3) +√γ2γ3 cosϕ2 +√γ2γ4 cos(ϕ2 + ϕ3)]
×
{
σa−ρσ
b
+ + σb−ρσa+ −
1
2
[(
σa+σ
b
− + σb+σa−
)
ρ+ ρ
(
σa+σ
b
− + σb+σa−
)]}
. (S40)
If we assume equal relaxation rates at all coupling points (γ1 = γ2 = γ3 = γ4 ≡ γ) and equal phases (ϕ1 = ϕ2 = ϕ3 ≡
ϕ), Eq. (S40) reduces to Eq. (1) of the main text with the coefficients given in the fourth row of Table I.
B. Braided giant atoms
We now consider two braided giant atoms. The setup, with definitions of all coupling strengths and phase shifts,
is shown in Fig. S5(a). To calculate the SLH triplet for this setup, we follow the scheme sketched in Fig. S5(b). The
8triplets for the atoms are first decomposed into the following parts:
Ga,R,1 =
(
1,
√
γ1
2 σ
a
−, ωa
σaz
2
)
, (S41)
Ga,R,3 =
(
1,
√
γ3
2 σ
a
−, 0
)
, (S42)
Ga,L,1 =
(
1,
√
γ1
2 σ
a
−, 0
)
, (S43)
Ga,L,3 =
(
1,
√
γ3
2 σ
a
−, 0
)
, (S44)
Gb,R,2 =
(
1,
√
γ2
2 σ
b
−, ωb
σbz
2
)
, (S45)
Gb,R,4 =
(
1,
√
γ4
2 σ
b
−, 0
)
, (S46)
Gb,L,2 =
(
1,
√
γ2
2 σ
b
−, 0
)
, (S47)
Gb,L,4 =
(
1,
√
γ4
2 σ
b
−, 0
)
. (S48)
The triplet for the right-moving part is then given by
GR = Gb,R,4 ô Gϕ3 ô Ga,R,3 ô Gϕ2 ô Gb,R,2 ô Gϕ1 ô Ga,R,1. (S49)
Comparing to the calculation for two small atoms in an open waveguide in Eq. (S9), we see that the first and last
parts of this expression become
Gb,R,4 ô Gϕ3 ô Ga,R,3 =
(
eiϕ3 , eiϕ3
√
γ3
2 σ
a
− +
√
γ4
2 σ
b
−,
√
γ3γ4
4i
[
eiϕ3σa−σ
b
+ − e−iϕ3σa+σb−
])
, (S50)
Gb,R,2 ô Gϕ1 ô Ga,R,1 =
(
eiϕ1 , eiϕ1
√
γ1
2 σ
a
− +
√
γ2
2 σ
b
−, ωa
σaz
2 + ωb
σbz
2 +
√
γ1γ2
4i
[
eiϕ1σa−σ
b
+ − e−iϕ1σa+σb−
])
, (S51)
and further application of the series product rule leads to GR = (SR,LR, HR) with
SR = ei(ϕ1+ϕ2+ϕ3), (S52)
LR =
(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 + e
iϕ3
√
γ3
2
)
σa− +
(
ei(ϕ2+ϕ3)
√
γ2
2 +
√
γ4
2
)
σb−, (S53)
HR =
[
ωa +
√
γ1γ3
2 sin(ϕ1 + ϕ2)
]
σaz
2 +
[
ωb +
√
γ2γ4
2 sin(ϕ2 + ϕ3)
]
σbz
2
+ 14i
{[(
eiϕ1
√
γ1γ2 + ei(ϕ1+ϕ2+ϕ3)
√
γ1γ4 + eiϕ3
√
γ3γ4
)
σa−σ
b
+ + eiϕ2
√
γ2γ3σ
a
+σ
b
−
]
−H.c.
}
. (S54)
From the symmetry that is apparent in Fig. S5(b), we can immediately deduce that the triplet for the left-moving
part, GL = (SL,LL, HL), is given by removing the ωj parts in the Hamiltonian, making the substitution ϕ1 ↔ ϕ3,
and changing the non-ϕ indices according to a↔ b, 1↔ 4 and 2↔ 3 in the equations for GR, i.e.,
SL = ei(ϕ1+ϕ2+ϕ3), (S55)
LL =
(√
γ1
2 + e
i(ϕ1+ϕ2)
√
γ3
2
)
σa− +
(
eiϕ1
√
γ2
2 + e
i(ϕ1+ϕ2+ϕ3)
√
γ4
2
)
σb−, (S56)
HL =
[√
γ1γ3
2 sin(ϕ1 + ϕ2)
]
σaz
2 +
[√
γ2γ4
2 sin(ϕ2 + ϕ3)
]
σbz
2
+ 14i
{[(
eiϕ1
√
γ1γ2 + ei(ϕ1+ϕ2+ϕ3)
√
γ1γ4 + eiϕ3
√
γ3γ4
)
σa+σ
b
− + eiϕ2
√
γ2γ3σ
a
−σ
b
+
]
−H.c.
}
. (S57)
9Figure S6. Two nested giant atoms in an open waveguide. (a) A sketch showing the relevant parameters. (b) The input-output
flows in the corresponding SLH calculation.
The total triplet for the system is then Gtot = GR GL, with the components
Stot =
[
ei(ϕ1+ϕ2+ϕ3) 0
0 ei(ϕ1+ϕ2+ϕ3)
]
, (S58)
Ltot =
[(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 + eiϕ3
√
γ3
2
)
σa− +
(
ei(ϕ2+ϕ3)
√
γ2
2 +
√
γ4
2
)
σb−(√
γ1
2 + ei(ϕ1+ϕ2)
√
γ3
2
)
σa− +
(
eiϕ1
√
γ2
2 + ei(ϕ1+ϕ2+ϕ3)
√
γ4
2
)
σb−
]
, (S59)
Htot = [ωa +
√
γ1γ3 sin(ϕ1 + ϕ2)]
σaz
2 + [ωb +
√
γ2γ4 sin(ϕ2 + ϕ3)]
σbz
2
+12[
√
γ1γ2 sinϕ1 +
√
γ2γ3 sinϕ2 +
√
γ3γ4 sinϕ3 +
√
γ1γ4 sin(ϕ1 + ϕ2 + ϕ3)]
(
σa−σ
b
+ + σa+σb−
)
. (S60)
Continuing from the total triplet, we arrive at the master equation in the same way as in previous calculations:
ρ˙ = −i[Htot, ρ] +D
[(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 + e
iϕ3
√
γ3
2
)
σa− +
(
ei(ϕ2+ϕ3)
√
γ2
2 +
√
γ4
2
)
σb−
]
ρ
+D
[(√
γ1
2 + e
i(ϕ1+ϕ2)
√
γ3
2
)
σa− +
(
eiϕ1
√
γ2
2 + e
i(ϕ1+ϕ2+ϕ3)
√
γ4
2
)
σb−
]
ρ
= −i[Htot, ρ] + [γ1 + γ3 + 2√γ1γ3 cos(ϕ1 + ϕ2)]D
[
σa−
]
ρ+ [γ2 + γ4 + 2
√
γ2γ4 cos(ϕ2 + ϕ3)]D
[
σb−
]
ρ
+[√γ1γ2 cosϕ1 +√γ2γ3 cosϕ2 +√γ3γ4 cosϕ3 +√γ1γ4 cos(ϕ1 + ϕ2 + ϕ3)]
×
{
σa−ρσ
b
+ + σb−ρσa+ −
1
2
[(
σa+σ
b
− + σb+σa−
)
ρ+ ρ
(
σa+σ
b
− + σb+σa−
)]}
. (S61)
If we assume equal relaxation rates at all coupling points (γ1 = γ2 = γ3 = γ4 ≡ γ) and equal phases (ϕ1 = ϕ2 = ϕ3 ≡
ϕ), Eq. (S61) reduces to Eq. (1) of the main text with the coefficients given in the fifth row of Table I.
C. Nested giant atoms
Finally, we consider two nested giant atoms. The setup, with definitions of all coupling strengths and phase shifts,
is shown in Fig. S6(a). To calculate the SLH triplet for this setup, we follow the scheme sketched in Fig. S6(b). The
10
triplets for the atoms are first decomposed into the following parts:
Ga,R,1 =
(
1,
√
γ1
2 σ
a
−, ωa
σaz
2
)
, (S62)
Ga,R,4 =
(
1,
√
γ4
2 σ
a
−, 0
)
, (S63)
Ga,L,1 =
(
1,
√
γ1
2 σ
a
−, 0
)
, (S64)
Ga,L,4 =
(
1,
√
γ4
2 σ
a
−, 0
)
, (S65)
Gb,R,2 =
(
1,
√
γ2
2 σ
b
−, ωb
σbz
2
)
, (S66)
Gb,R,3 =
(
1,
√
γ3
2 σ
b
−, 0
)
, (S67)
Gb,L,2 =
(
1,
√
γ2
2 σ
b
−, 0
)
, (S68)
Gb,L,3 =
(
1,
√
γ3
2 σ
b
−, 0
)
. (S69)
The triplet for the right-moving part is then given by
GR = Ga,R,4 ô Gϕ3 ô Gb,R,3 ô Gϕ2 ô Gb,R,2 ô Gϕ1 ô Ga,R,1. (S70)
Repeated application of the series product rule, aided by comparison with results from previous calculations, leads to
GR = (SR,LR, HR) with
SR = ei(ϕ1+ϕ2+ϕ3), (S71)
LR =
(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 +
√
γ4
2
)
σa− +
(
ei(ϕ2+ϕ3)
√
γ2
2 + e
iϕ3
√
γ3
2
)
σb−, (S72)
HR =
[
ωa +
√
γ1γ4
2 sin(ϕ1 + ϕ2 + ϕ3)
]
σaz
2 +
(
ωb +
√
γ2γ3
2 sinϕ2
)
σbz
2
+ 14i
{[(
eiϕ1
√
γ1γ2 + ei(ϕ1+ϕ2)
√
γ1γ3
)
σa−σ
b
+ +
(
ei(ϕ2+ϕ3)
√
γ2γ4 + eiϕ3
√
γ3γ4
)
σa+σ
b
−
]
−H.c.
}
. (S73)
From the symmetry that is apparent in Fig. S6(b), we can immediately deduce that the triplet for the left-moving
part, GL = (SL,LL, HL), is given by removing the ωj parts in the Hamiltonian, making the substitution ϕ1 ↔ ϕ3,
and changing the non-ϕ indices according to 1↔ 4 and 2↔ 3 in the equations for GR, i.e.,
SL = ei(ϕ1+ϕ2+ϕ3), (S74)
LL =
(√
γ1
2 + e
i(ϕ1+ϕ2+ϕ3)
√
γ4
2
)
σa− +
(
eiϕ1
√
γ2
2 + e
i(ϕ1+ϕ2)
√
γ3
2
)
σb−, (S75)
HL =
√
γ1γ4
2 sin(ϕ1 + ϕ2 + ϕ3)
σaz
2 +
√
γ2γ3
2 sinϕ2
σbz
2
+ 14i
{(
ei(ϕ2+ϕ3)
√
γ2γ4 + eiϕ3
√
γ3γ4
)
σa−σ
b
+ +
[(
eiϕ1
√
γ1γ2 + ei(ϕ1+ϕ2)
√
γ1γ3
)
σa+σ
b
−
]
−H.c.
}
. (S76)
The total triplet for the system is then Gtot = GR GL, with the components
Stot =
[
ei(ϕ1+ϕ2+ϕ3) 0
0 ei(ϕ1+ϕ2+ϕ3)
]
, (S77)
Ltot =
[(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 +
√
γ4
2
)
σa− +
(
ei(ϕ2+ϕ3)
√
γ2
2 + eiϕ3
√
γ3
2
)
σb−(√
γ1
2 + ei(ϕ1+ϕ2+ϕ3)
√
γ4
2
)
σa− +
(
eiϕ1
√
γ2
2 + ei(ϕ1+ϕ2)
√
γ3
2
)
σb−
]
, (S78)
Htot = [ωa +
√
γ1γ4 sin(ϕ1 + ϕ2 + ϕ3)]
σaz
2 + (ωb +
√
γ2γ3 sinϕ2)
σbz
2
+12[
√
γ1γ2 sinϕ1 +
√
γ1γ3 sin(ϕ1 + ϕ2) +
√
γ2γ4 sin(ϕ2 + ϕ3) +
√
γ3γ4 sinϕ3]
(
σa−σ
b
+ + σa+σb−
)
. (S79)
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Continuing from the total triplet, we arrive at the master equation in the same way as in previous calculations:
ρ˙ = −i[Htot, ρ] +D
[(
ei(ϕ1+ϕ2+ϕ3)
√
γ1
2 +
√
γ4
2
)
σa− +
(
ei(ϕ2+ϕ3)
√
γ2
2 + e
iϕ3
√
γ3
2
)
σb−
]
ρ
+D
[(√
γ1
2 + e
i(ϕ1+ϕ2+ϕ3)
√
γ4
2
)
σa− +
(
eiϕ1
√
γ2
2 + e
i(ϕ1+ϕ2)
√
γ3
2
)
σb−
]
ρ
= −i[Htot, ρ] + [γ1 + γ4 + 2√γ1γ4 cos(ϕ1 + ϕ2 + ϕ3)]D
[
σa−
]
ρ+ [γ2 + γ3 + 2
√
γ2γ3 cosϕ2]D
[
σb−
]
ρ
+[√γ1γ2 cosϕ1 +√γ1γ3 cos(ϕ1 + ϕ2) +√γ2γ4 cos(ϕ2 + ϕ3) +√γ3γ4 cosϕ3]
×
{
σa−ρσ
b
+ + σb−ρσa+ −
1
2
[(
σa+σ
b
− + σb+σa−
)
ρ+ ρ
(
σa+σ
b
− + σb+σa−
)]}
. (S80)
If we assume equal relaxation rates at all coupling points (γ1 = γ2 = γ3 = γ4 ≡ γ) and equal phases (ϕ1 = ϕ2 = ϕ3 ≡
ϕ), Eq. (S80) reduces to Eq. (1) of the main text with the coefficients given in the sixth row of Table I.
S4. MASTER EQUATION FOR MULTIPLE GIANT ATOMS
We now turn to the general case of N giant atoms, where each giant atom j is coupled to the waveguide at Mj points.
The strength with which atom j couples to the waveguide at connection point jn (coordinate xjn) is characterized
by the relaxation rate γjn . The positive phase acquired when moving from jn to km is denoted ϕjn,km . From the
derivations for two giant atoms above, it is straightforward to generalize the SLH calculations to more atoms with
more connection points. We first decompose the system into triplets for individual coupling points and phase shifts,
interacting with right- and left-moving waves.
Looking at the right-moving part,
GR = (SR,LR, HR) = GNMN ,R ô Gϕ...,NMN ô . . . ô Gϕ11,... ô G11,R, (S81)
we first note that the scattering matrix simply picks up a phase factor as we go from one connection point to
the next. The total phase acquired from the first connection point, 11, to the last connection point, NMN , is
ϕ11,NMN . For LR, each connection point jn contributes
√
γjn/2σ
(j)
− , which then is multiplied by phase factors
adding up to exp
(
iϕjn,NMN
)
as we reach the last connection point. In HR, each pair of connection points jn and
jm (xjn < xjm , i.e., n < m) belonging to the same atom j contributes a term
√
γjnγjm sin(ϕjn,jm)σ
(j)
z /4, and
each pair of connection points jn and km (xjn < xkm) belonging to different atoms j and k contributes a term
1
4i
[
exp(iϕjn,km)
√
γjnγkmσ
(j)
− σ
(k)
+ −H.c.
]
. The result is
SR = exp
(
iϕ11,NMN
)
, (S82)
LR =
N∑
j=1
Mj∑
n=1
exp
(
iϕjn,NMN
)√γjn
2 σ
(j)
− , (S83)
HR =
N∑
j=1
ωj +Mj−1∑
n=1
Mj∑
m=n+1
√
γjnγjm
2 sinϕjn,jm
σ(j)z
2
+
N∑
j=1
∑
k Ó=j
Mj∑
n=1
Mk∑
m=1
xjn<xkm
1
4i
√
γjnγkm
[
exp(iϕjn,km)σ
(j)
− σ
(k)
+ −H.c.
]
. (S84)
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From symmetry it follows that the components of the triplet GL for the left-moving part are
SL = exp
(
iϕ11,NMN
)
, (S85)
LL =
N∑
j=1
Mj∑
n=1
exp(iϕ11,jn)
√
γjn
2 σ
(j)
− , (S86)
HL =
N∑
j=1
Mj−1∑
n=1
Mj∑
m=n+1
√
γjnγjm
2 sinϕjn,jm
σ
(j)
z
2
+
N∑
j=1
∑
k Ó=j
Mj∑
n=1
Mk∑
m=1
xjn<xkm
1
4i
√
γjnγkm
[
exp(iϕjn,km)σ
(j)
+ σ
(k)
− −H.c.
]
. (S87)
The total triplet for the system is then Gtot = GR GL, with the components
Stot =
exp(iϕ11,NMN ) 0
0 exp
(
iϕ11,NMN
) , (S88)
Ltot =
∑Nj=1∑Mjn=1 exp(iϕjn,NMN )√γjn2 σ(j)−∑N
j=1
∑Mj
n=1 exp(iϕ11,jn)
√
γjn
2 σ
(j)
−
 , (S89)
Htot =
N∑
j=1
ωj +Mj−1∑
n=1
Mj∑
m=n+1
√
γjnγjm sinϕjn,jm
σ(j)z
2
+
N−1∑
j=1
N∑
k=j+1
Mj∑
n=1
Mk∑
m=1
√
γjnγkm
2 sinϕjn,km
(
σ
(j)
− σ
(k)
+ + σ
(j)
+ σ
(k)
−
)
. (S90)
This leads to the master equation
ρ˙ = −i[Htot, ρ] +D
 N∑
j=1
Mj∑
n=1
exp
(
iϕjn,NMN
)√γjn
2 σ
(j)
−
ρ+D
 N∑
j=1
Mj∑
n=1
exp(iϕ11,jn)
√
γjn
2 σ
(j)
−
ρ
= −i[Htot, ρ] +
N∑
j=1
Mj∑
n=1
Mj∑
m=1
√
γjnγjm
2
[
exp
(
iϕjn,NMN
)
exp
(
−iϕjm,NMN
)
+ exp(iϕ11,jn) exp(−iϕ11,jm)
]
D
[
σ
(j)
−
]
ρ
+
N∑
j=1
∑
k Ó=j
Mj∑
n=1
Mk∑
m=1
√
γjnγkm
2
[
exp
(
iϕjn,NMN
)
exp
(
−iϕkm,NMN
)
+ exp(iϕ11,jn) exp(−iϕ11,km)
]
×
(
σ
(j)
− ρσ
(k)
+ −
1
2
{
σ
(j)
+ σ
(k)
− , ρ
})
= −i[Htot, ρ] +
N∑
j=1
Mj∑
n=1
Mj∑
m=1
√
γjnγjm cosϕjn,jmD
[
σ
(j)
−
]
ρ
+
N−1∑
j=1
N∑
k=j+1
Mj∑
n=1
Mk∑
m=1
√
γjnγkm cosϕjn,km
[(
σ
(j)
− ρσ
(k)
+ −
1
2
{
σ
(j)
+ σ
(k)
− , ρ
})
+ H.c.
]
, (S91)
which is Eq. (2) of the main text. Note that the individual and collective decay terms also could be written together
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in a more compact form:
N∑
j=1
Mj∑
n=1
Mj∑
m=1
√
γjnγjm cosϕjn,jmD
[
σ
(j)
−
]
ρ
+
N−1∑
j=1
N∑
k=j+1
Mj∑
n=1
Mk∑
m=1
√
γjnγkm cosϕjn,km
[(
σ
(j)
− ρσ
(k)
+ −
1
2
{
σ
(j)
+ σ
(k)
− , ρ
})
+ H.c.
]
=
N∑
j=1
N∑
k=1
Mj∑
n=1
Mk∑
m=1
√
γjnγkm cosϕjn,km
(
σ
(j)
− ρσ
(k)
+ −
1
2
{
σ
(j)
+ σ
(k)
− , ρ
})
. (S92)
This should be compared to the master equation for N small atoms, each with individual relaxation rate γj , where
the decay can be written as
N∑
j,k=1
√
γjγk cosϕj,k
(
σ
(j)
− ρσ
(k)
+ −
1
2
{
σ
(j)
+ σ
(k)
− , ρ
})
=
N∑
j=1
γjD
[
σ
(j)
−
]
ρ+
∑
j Ó=k
√
γjγk cosϕj,k
(
σ
(j)
− ρσ
(k)
+ −
1
2
{
σ
(j)
+ σ
(k)
− , ρ
})
. (S93)
S5. INPUT-OUTPUT RELATIONS
For completeness, we note here that having access to the SLH components in Eqs. (S88)-(S90) makes it straight-
forward to derive the Hamiltonian and input-output relations in case a coherent drive or a Fock-state pulse is sent
towards the giant atoms through the waveguide. For example, if a coherent drive at frequency ωd with |α|2 photons
per second is sent in from the left, the resulting triplet is
G = (S,L, H) = Gtot ô (Gα  I1) = Gtot ô
([
1 0
0 1
]
,
[
α
0
]
, 0
)
, (S94)
which leads to
S =
exp(iϕ11,NMN ) 0
0 exp
(
iϕ11,NMN
) , (S95)
L =
α exp(iϕ11,NMN )+∑Nj=1∑Mjn=1 exp(iϕjn,NMN )√γjn2 σ(j)−∑N
j=1
∑Mj
n=1 exp(iϕ11,jn)
√
γjn
2 σ
(j)
−
 , (S96)
H =
N∑
j=1
∆j +Mj−1∑
n=1
Mj∑
m=n+1
√
γjnγjm sinϕjn,jm
σ(j)z
2
+
N−1∑
j=1
N∑
k=j+1
Mj∑
n=1
Mk∑
m=1
√
γjnγkm
2 sinϕjn,km
(
σ
(j)
− σ
(k)
+ + σ
(j)
+ σ
(k)
−
)
+ 12i
α exp(iϕ11,NMN ) N∑
j=1
Mj∑
n=1
exp
(
−iϕjn,NMN
)√γjn
2 σ
(j)
+ −H.c.
, (S97)
where we have moved to a frame rotating with ωd, introducing the notation ∆j = ωj − ωd. The master equation for
the driven system then becomes
ρ˙ = −i[Hdriven, ρ] +
N∑
j=1
Mj∑
n=1
Mj∑
m=1
√
γjnγjm cosϕjn,jmD
[
σ
(j)
−
]
ρ
+
N−1∑
j=1
N∑
k=j+1
Mj∑
n=1
Mk∑
m=1
√
γjnγkm cosϕjn,km
[(
σ
(j)
− ρσ
(k)
+ −
1
2
{
σ
(j)
+ σ
(k)
− , ρ
})
+ H.c.
]
, (S98)
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where
Hdriven =
N∑
j=1
∆j +Mj−1∑
n=1
Mj∑
m=n+1
√
γjnγjm sinϕjn,jm
σ(j)z
2
+
N−1∑
j=1
N∑
k=j+1
Mj∑
n=1
Mk∑
m=1
√
γjnγkm
2 sinϕjn,km
(
σ
(j)
− σ
(k)
+ + σ
(j)
+ σ
(k)
−
)
−i
N∑
j=1
Mj∑
n=1
√
γjn
2
[
α exp(iϕ11,jn)σ
(j)
+ − α∗ exp(−iϕ11,jn)σ(j)−
]
. (S99)
The output traveling to the right from the atoms is given by the upper row of L in Eq. (S96) and the output traveling
to the left is given by the lower row of L in the same equation. From this, we can obtain the amplitude transmission
coefficient t and the amplitude reflection coefficient r:
t = 〈L1〉
α
= exp
(
iϕ11,NMN
)
+ 1
α
N∑
j=1
Mj∑
n=1
exp
(
iϕjn,NMN
)√γjn
2
〈
σ
(j)
−
〉
, (S100)
r = 〈L2〉
α
= 1
α
N∑
j=1
Mj∑
n=1
exp(iϕ11,jn)
√
γjn
2
〈
σ
(j)
−
〉
. (S101)
S6. CONNECTION BETWEEN EXCHANGE INTERACTION, INDIVIDUAL DECAY, AND
COLLECTIVE DECAY FOR GIANT ATOMS
In this section, we give detailed proofs for the statements in the main text regarding the connections between the
exchange interaction g, the individual decays Γj , and the collective decays Γcoll,j,k. We first consider two giant atoms
with two connection points each and then generalize to multiple atoms with multiple connections points.
A. Two atoms, two connection points
For two atoms with two connection points, there are three distinct geometries, shown in Fig. 1(c)-(e). Before
treating these cases one by one, we note that the individual decay rates in all these setups can be written
Γj = γj,1 + γj,2 + 2
√
γj,1γj,2 cosϕj , (S102)
where γj,1 and γj,2 are the relaxation rates characterizing the coupling of atom j to the waveguide at connection
points 1 and 2, respectively, and ϕj is the phase acquired traveling between these two connection points. From the
inequality between the arithmetic and geometric means,
γj,1 + γj,2
2 ≥
√
γj,1γj,2, (S103)
we see that Γj can only become zero if γj,1 = γj,2. Since we are interested in exactly those cases where the decay
rates for different setups go to zero, we will use γj,1 = γj,2 ≡ γj throughout this subsection.
1. Separate giant atoms
For separate giant atoms, the master equation is given in Eq. (S40), from which we read off
g ∝ √γaγb[sin(ϕ1 + ϕ2) + sin(ϕ1 + ϕ2 + ϕ3) + sinϕ2 + sin(ϕ2 + ϕ3)] (S104)
Γa ∝ γa(1 + cosϕ1), (S105)
Γb ∝ γb(1 + cosϕ3), (S106)
Γcoll ∝ √γaγb[cos(ϕ1 + ϕ2) + cos(ϕ1 + ϕ2 + ϕ3) + cosϕ2 + cos(ϕ2 + ϕ3)]. (S107)
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If we set the individual decay terms to zero, this implies ϕ1 = (2n + 1)pi and ϕ3 = (2m + 1)pi with n,m ∈ Z≥0.
Inserting this into the expression for the collective decay gives
Γcoll ∝ {cos[(2n+ 1)pi + ϕ2] + cos[(2n+ 1)pi + ϕ2 + (2m+ 1)pi] + cosϕ2 + cos[ϕ2 + (2m+ 1)pi]}
= cos(ϕ2 + pi) + cosϕ2 + cosϕ2 + cos(ϕ2 + pi) = 2[cosϕ2 + cos(ϕ2 + pi)] = 2(cosϕ2 − cosϕ2) = 0. (S108)
For the exchange interaction, we similarly obtain
g ∝ {sin[(2n+ 1)pi + ϕ2] + sin[(2n+ 1)pi + ϕ2 + (2m+ 1)pi] + sinϕ2 + sin[ϕ2 + (2m+ 1)pi]}
= sin(ϕ2 + pi) + sinϕ2 + sinϕ2 + sin(ϕ2 + pi) = 2[sinϕ2 + sin(ϕ2 + pi)] = 2(sinϕ2 − sinϕ2) = 0. (S109)
Thus we conclude that if the individual decays are set to zero for separate giant atoms, both the collective decay and
the exchange interaction will also be zero.
If we instead set the exchange interaction to zero, neither the individual nor the collective decays need become zero.
A counter-example is provided by making all ϕj integer multiples of 2pi; this maximizes the individual and collective
decays while the exchange interaction becomes zero.
If we set the collective decay to zero, neither the individual decays nor the exchange interaction need become zero.
A counter-example is ϕ1 = ϕ3 = 2pi and ϕ2 = pi/2, which maximizes both the individual decays and the exchange
interaction while making the collective decay zero.
2. Braided giant atoms
For separate giant atoms, the master equation is given in Eq. (S61), from which we read off
g ∝ √γaγb[sinϕ1 + sinϕ2 + sinϕ3 + sin(ϕ1 + ϕ2 + ϕ3)] (S110)
Γa ∝ γa[1 + cos(ϕ1 + ϕ2)], (S111)
Γb ∝ γb[1 + cos(ϕ2 + ϕ3)], (S112)
Γcoll ∝ √γaγb[cosϕ1 + cosϕ2 + cosϕ3 + cos(ϕ1 + ϕ2 + ϕ3)]. (S113)
If we set the individual decay terms to zero, this implies ϕ1+ϕ2 = (2n+1)pi and ϕ2+ϕ3 = (2m+1)pi with n,m ∈ Z≥0.
Solving in terms of ϕ2, we obtain ϕ1 = (2n + 1)pi − ϕ2 and ϕ3 = (2m + 1)pi − ϕ2, which inserted into the collective
decay leads to
Γcoll ∝ [cos(pi − ϕ2) + cos(−ϕ2) + cosϕ2 + cos(pi − ϕ2)] = 0. (S114)
For the exchange interaction, we similarly obtain
g ∝ [sin(pi − ϕ2) + sin(−ϕ2) + sinϕ2 + sin(pi − ϕ2)] = 2 sinϕ2. (S115)
This is possibly the most important result of the present work. Since ϕ2 is a free parameter (we only fix ϕ1 and ϕ3
to make the individual decays zero), we can engineer a large exchange interaction, and choose its sign, even though
both the individual decays and the collective decay are zero.
If we instead set the exchange interaction to zero for the setup with braided giant atoms, neither the individual nor
the collective decays need become zero. The same counter-example as for separate giant atoms works here as well:
making all ϕj integer multiples of 2pi maximizes the individual and collective decays while the exchange interaction
becomes zero.
If we set the collective decay to zero, this does not mean that the exchange interaction or all of the individual decay
will be zero. A counter-example is ϕ1 = 2pi/3, ϕ2 = pi/2, and ϕ3 = pi/3 which makes the collective decay zero, but
the exchange interaction and the individual decays all become nonzero.
3. Nested giant atoms
For nested giant atoms, the master equation is given in Eq. (S80), from which we read off
g ∝ √γaγb[sinϕ1 + sin(ϕ1 + ϕ2) + sin(ϕ2 + ϕ3) + sinϕ3] (S116)
Γa ∝ γa[1 + cos(ϕ1 + ϕ2 + ϕ3)], (S117)
Γb ∝ γb(1 + cosϕ2), (S118)
Γcoll ∝ √γaγb[cosϕ1 + cos(ϕ1 + ϕ2) + cos(ϕ2 + ϕ3) + cosϕ3]. (S119)
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Figure S7. A sketch showing the relevant parameters for a 1D chain of giant atoms with nearest-neighbor couplings protected
from relaxation.
If we set the individual decay terms to zero, this implies ϕ2 = (2n+1)pi and ϕ1+ϕ2+ϕ3 = (2m+1)pi with n,m ∈ Z≥0.
Using these two constraints to express ϕ3 in terms of ϕ1, the collective decay becomes
Γcoll ∝ [cosϕ1 + cos(ϕ1 + pi) + cos(pi − ϕ1) + cos(−ϕ1)] = 0. (S120)
For the exchange interaction, we similarly obtain
g ∝ [sinϕ1 + sin(ϕ1 + pi) + sin(pi − ϕ1) + sin(−ϕ1)] = 0. (S121)
Thus we conclude that if the individual decays are set to zero for nested giant atoms, both the collective decay and
the exchange interaction will also be zero.
If we instead set the exchange interaction to zero for the setup with nested giant atoms, neither the individual nor
the collective decays need become zero. The same counter-example as for separate and braided giant atoms works
here as well: making all ϕj integer multiples of 2pi maximizes the individual and collective decays while the exchange
interaction becomes zero.
If we set the collective decay to zero, this does not mean that the exchange interaction, nor all of the individual
decay terms, will be zero. A simple counter-example is ϕ1 = ϕ3 = pi/2 and ϕ2 = 2pi, which makes the collective decay
zero, maximizes the exchange interaction, maximizes the individual decay of atom b (the inner atom) and makes the
individual decay of atom a zero.
B. Multiple atoms, two connection points
From Eq. (2) in the main text, we know that all interactions occur between pairs of atoms. If we have multiple
atoms with two connection points each, we can consider two atoms at a time and check whether they are separate,
braided or nested. When this classification has been determined, the conclusions from the previous subsection applies
to the master-equation terms for this pair of atoms.
For the case of two braided atoms in the previous subsection, it was clear that g could be set arbitrarily through
the free parameter ϕ2 while using ϕ1 and ϕ3 to ensure that all the individual decay terms, and thus also the collective
decay, remained zero. For more than two braided atoms, setting all decay terms to zero may introduce too many
constraints to also allow for arbitrary control of all gj,k. Below, we explicitly show whether this is the case for the
two setups in Figs. 3 and 4 of the main text, i.e., for atoms connected in a 1D chain with nearest-neighbor couplings
or in a setup allowing pairwise couplings between all atoms.
1. 1D chain with nearest-neighbor couplings
The setup for a 1D chain of N braided giant atoms is shown in Fig. S7 with all phases and coupling strengths
marked. Just as before, we note that the individual decay rate Γj for the jth atom only can become zero if the couples
to the waveguide with equal strengths, denoted γj , at each of its two connection points. The N constraints that make
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Figure S8. A sketch showing the relevant parameters for three giant atoms braided such that all possible pairs of atoms can
achieve decoherence-free exchange interaction.
all individual decay rates zero are then
ϕ1 + ϕ2 = (2n1 + 1)pi, (S122)
ϕ2 + ϕ3 + ϕ4 = (2n2 + 1)pi, (S123)
ϕ4 + ϕ5 + ϕ6 = (2n3 + 1)pi, (S124)
...
ϕ2N−6 + ϕ2N−5 + ϕ2N−4 = (2nN−2 + 1)pi, (S125)
ϕ2N−4 + ϕ2N−3 + ϕ2N−2 = (2nN−1 + 1)pi, (S126)
ϕ2N−2 + ϕ2N−1 = (2nN + 1)pi, (S127)
where n1, n2, . . . , nN ∈ Z≥0. From the calculation for two braided giant atoms in Eq. (S115), we see that the nearest-
neighbor couplings can be expressed as
gj,j+1 =
√
γjγj+1 sinϕ2j . (S128)
This implies that all the nearest-neighbor couplings can be tuned individually by choosing ϕ2j for j = 1, 2, . . . , N − 1.
Since there are in total 2N − 1 phases, this leaves N free parameters, ϕ2j−1 for j = 1, 2, . . . , N , which is exactly what
is needed to satisfy the constraints in Eqs. (S122)-(S127) and make all the individual decay rates zero.
2. Pairwise coupling between all atoms
If we braid more giant atoms (with two connection points each) than just the nearest neighbors in a 1D chain, as
shown for three giant atoms in Fig. 4 in the main text and again with more detailed notation in Fig. S8, the number
of constraints that need to be satisfied to ensure that all decay rates are zero remains unchanged (N constraints for N
atoms). The number of connection points is still 2N , so the number of phases that can be set is still 2N −1. However,
if all atoms are to be pairwise connected, the number of exchange couplings becomes N(N − 1)/2, which, for N ≥ 3,
exceeds the number of free parameters, N − 1, remaining after satisfying the constraints for zero relaxation. Thus, we
will not be able to set all exchange-coupling strengths arbitrarily when the connectivity exceeds that of the 1D chain
treated in the previous subsection.
For completeness, we here show explicitly some coupling-strength configurations that can be achieved for the setup
with three pairwise connected atoms, shown in Fig. S8. The constraints ensuring zero relaxation through the waveguide
are
ϕ1 + ϕ2 + ϕ3 = (2n1 + 1)pi, (S129)
ϕ2 + ϕ3 + ϕ4 = (2n2 + 1)pi, (S130)
ϕ3 + ϕ4 + ϕ5 = (2n3 + 1)pi, (S131)
where n1, n2, n3 ∈ Z≥0. The pairwise couplings are
g1,2 =
√
γ1γ2 sin(ϕ2 + ϕ3), (S132)
g1,3 =
√
γ1γ3 sinϕ3, (S133)
g2,3 =
√
γ2γ3 sin(ϕ3 + ϕ4). (S134)
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The constraints in Eqs. (S129) and (S131) can be satisfied without affecting the exchange interactions by choosing
suitable ϕ1 and ϕ5, respectively. If γ1 = γ2 = γ3, we can make all pairwise couplings equal and satisfy the constraint
in Eq. (S130) at the same time by choosing ϕ2 = ϕ3 = ϕ4 = pi/3. We can also satisfy the constraint in Eq. (S130)
and engineer the couplings to obey g1,2 = g2,3 = −g1,3 by choosing ϕ2 = ϕ4 = 4pi/3 and ϕ3 = pi/3.
C. Multiple atoms, multiple connection points
For the general case, with N giant atoms, where atom j has Mj connection points, we can still divide each pair
of atoms j and k into one of the three categories separate, braided, and nested. Explicitly, the atoms are separate
if xjMj < xk1 , i.e., if all connection points of atom j are situated to the left of all connection points of atom k. The
atoms are nested if, for some n, xjn < xkm < xjn+1 ∀m, i.e., if all connection points of atom k are situated in-between
two subsequent connection points of atom j. All other cases are braided atoms, where some of the connection points
of atom j are situated in-between some of the connection points of atom k.
To prove the connections between exchange interaction, individual decay, and collective decay for these general
cases, it is convenient to look back at the derivation of the general master equation in Sec. S4. We observe that the
individual decay rate Γj of atom j can be expressed as [S5]
Γj =
∣∣∣∣∣∣
Mj∑
n=1
√
γjn exp(iϕj1,jn)
∣∣∣∣∣∣
2
=
∣∣∣∣∣∣
Mj∑
n=1
√
γjn exp
(
iϕjn,jMj
)∣∣∣∣∣∣
2
, (S135)
since
Mj∑
n=1
√
γjn exp(iϕj1,jn) =
exp(−iϕj1,jMj )
Mj∑
n=1
√
γjn exp
(
iϕjn,jMj
)
∗
. (S136)
This means that Γj = 0 implies
∑Mj
n=1
√
γjn exp(iϕj1,jn) = 0 and
∑Mj
n=1
√
γjn exp
(
iϕjn,jMj
)
= 0.
From the derivation in Sec. S4, we see that the collective coupling can be written as
Γcoll,j,k =
Mj∑
n=1
Mk∑
m=1
√
γjnγkm
2
[
exp
(
iϕjn,NMN
)
exp
(
−iϕkm,NMN
)
+ exp(iϕ11,jn) exp(−iϕ11,km)
]
= 12 exp
(
iϕjMj ,NMN
) Mj∑
n=1
√
γjn exp
(
iϕjn,jMj
)
︸ ︷︷ ︸
=0 if Γj=0
Mk∑
m=1
√
γkm exp
(
−iϕkm,NMN
)
+12 exp(iϕ11,j1)
Mj∑
n=1
√
γjn exp(iϕj1,jn)︸ ︷︷ ︸
=0 if Γj=0
Mk∑
m=1
√
γkm exp(−iϕ11,km), (S137)
and hence we conclude that Γj = 0 implies Γcoll,j,k = 0 ∀k.
Finally, we study the exchange interaction gj,k for a pair of atoms where, without loss of generality, we assume
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xj1 < xk1 . Using similar manipulations as above, it can be written
gj,k =
Mj∑
n=1
Mk∑
m=1
√
γjnγkm
2 sin(ϕjn,km) =
1
4i
Mj∑
n=1
Mk∑
m=1
√
γjnγkm [exp(iϕjn,km)− exp(−iϕjn,km)]
= 14i
Mj∑
n=1
Mk∑
m=1
xjMj
<xkm
[√
γjn exp
(
iϕjn,jMj
)√
γkm exp
(
iϕjMj ,km
)
−H.c.
]
+ 14i
Mj∑
n=1
Mk∑
m=1
xjMj
>xkm>xjn
[√
γjn exp
(
iϕjn,jMj
)√
γkm exp
(
−iϕjMj ,km
)
−H.c.
]
+ 14i
Mj∑
n=1
Mk∑
m=1
xjn>xkm
[√
γjn exp
(
−iϕjn,jMj
)√
γkm exp
(
iϕjMj ,km
)
−H.c.
]
= 14i
Mj∑
n=1
Mk∑
m=1
xjMj
<xkm
[√
γjn exp
(
iϕjn,jMj
)√
γkm exp
(
iϕjMj ,km
)
−H.c.
]
+ 14i
Mj∑
n=1
Mk∑
m=1
xjMj
>xkm
[√
γjn exp
(
iϕjn,jMj
)√
γkm exp
(
−iϕjMj ,km
)
−H.c.
]
+2× 14i
Mj∑
n=1
Mk∑
m=1
xjn>xkm
[√
γjn exp
(
−iϕjn,jMj
)√
γkm exp
(
iϕjMj ,km
)
−H.c.
]
= 14i
Mj∑
n=1
√
γjn exp
(
iϕjn,jMj
)
︸ ︷︷ ︸
=0 if Γj=0
 Mk∑
m=1
xjMj
<xkm
√
γkm exp
(
iϕjMj ,km
)
−H.c. +
Mk∑
m=1
xjMj
>xkm
√
γkm exp
(
−iϕjMj ,km
)
−H.c.

+
Mj∑
n=1
Mk∑
m=1
xjn>xkm
√
γjnγkm sin(ϕjn,km). (S138)
If the atoms are separate, xjMj < xk1 , and thus the second line of the final expression in Eq. (S138) contain no
terms, which means that Γj = 0 implies gj,k = 0 in this case.
If the atoms are nested, xjp < xk1 < xkMk < xjp+1 (p < Mj), the second line of the final expression in Eq. (S138)
can be rewritten as
Mj∑
n=1
Mk∑
m=1
xjn>xkm
√
γjnγkm sin(ϕjn,km) =
Mj∑
n=p+1
Mk∑
m=1
√
γjnγkm sin(ϕjn,km), (S139)
which we recognize as the expression for the interaction between two separate giant atoms, where the first giant atom
is atom k and the second giant atom is atom j only connected at the connection points from jp+1 to jMj . We can
thus conclude that Γj = 0 and Γk = 0 together imply that gj,k = 0 for the case of nested atoms.
If the atoms are braided, the second line of the final expression in Eq. (S138) may be nonzero. The implications of
setting all individual decay terms to zero in the three different geometries are thus the same for giant atoms with an
arbitrary number of connection points as for giant atoms with two connection points.
As for the implications of setting the collective decay or the exchange interaction to zero, we have already shown
for the case of giant atoms with two connection points that such a condition does not necessarily have to make any
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other terms zero. Thus, that is also true for giant atoms with an arbitrary number of connection points.
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